We provide a complete systematic classification of all two-loop realizations of the dimension four operator for Dirac neutrino masses. Our classification is multilayered, starting first with a classification in terms of all possible distinct two loop topologies. Then we discuss the possible diagrams for each topology. Model-diagrams originating from each diagram are then considered. The criterion for genuineness is also defined and discussed at length. Finally, as examples, we construct two explicit models which also serve to highlight the intimate connection between the Dirac nature of neutrinos and the stability of dark matter.
I. INTRODUCTION
Neutrino masses and the existence of dark matter are the two most important pieces of evidence that the Standard Model is not the final theory of nature. Among the open questions about neutrino physics, probably the most important one is the nature of neutrinos, namely if neutrinos are Dirac or Majorana particles. So far we lack any experimental or observational evidence in favour of one or the other, in spite of the big experimental effort in the last decades, as for instance, in neutrinoless double beta decay [1] [2] [3] [4] [5] .
From a theoretical point of view, Majorana neutrinos have garnered much more attention. Several seesaw [6] [7] [8] [9] [10] [11] [12] and loop [13] [14] [15] [16] mass generation mechanism for Majorana neutrinos have been known for a long time. Furthermore, a systematic classification of all Majorana neutrinos mass mechanisms at a given operator dimensionality and up to certain number of loops also exist in the literature [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In contrast, Dirac neutrinos have received relatively little attention. However, in the last few year there has been a renewed interest in looking at mass models for Dirac neutrinos. In this direction, several seesaw mechanisms [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and loop models for Dirac neutrinos have been recently proposed. Due to an increasing interest in Dirac neutrino mass models, a classification of such tree-level and one-loop models at dimension 4 [64] , dimension 5 [65, 66] and dimension 6 [67, 68] have also been considered.
In this paper we will build on these previous works and give a systematic classification of dimension 4 Dirac neutrino mass models at the two-loop level. For the two-loop models to provide the leading order contribution to neutrino masses, one needs to ensure that the dimension 4 tree-level and one-loop contributions are absent. This can happen in a variety of scenarios involving flavour symmetries [31, 32, 34] or right handed neutrinos with chiral lepton number charges [27-29, 52, 58] . Furthermore, one has to ensure that Majorana mass terms are absent at all orders. This can be easily accomplished by, for example, requiring that lepton number (or B − L) is conserved exactly [42] , or at least an appropriate subgroup of it [27-29, 31, 32, 34, 52, 53, 58, 59, 66, 69, 70] , or also by invoking the presence of additional new symmetries [55] .
In this sense, the symmetry protecting the Dirac nature of neutrinos can play a double role and also be used to stabilize a dark matter candidate [31, 32, 34, 52, 58] . Moreover, it has recently been shown that all these features, namely Dirac neutrinos, absence of lower order mass terms (tree-level and one-loop) and a stable dark matter can be obtained with chiral, yet anomaly free B − L charges without the need of any other symmetry, either explicit or accidental [52] .
In this work we consider that neutrino masses are generated from the dimension four operatorLφ c ν R . Starting from this operator, in general Dirac neutrino mass m ν can roughly be written as
where n is the number of loops needed to generate the Dirac neutrino masses, φ 0 ∼ v is the SM Higgs vacuum expectation value (vev) and C is a dimensionless constant containing all the information of the couplings involved in the neutrino mass. The aim of going to radiative models is that one can explain the smallness of neutrino masses naturally without requiring extremely small couplings. For instance, focusing on the n = 2 case and in accordance with the cosmological constrains [71] , we can take the neutrino masses to be of the order of the atmospheric mass scale O(0.05) eV [72] , which by means of (1) implies couplings of order 0.1-0.01.
The paper is organized as follows: the main body is presented in section II. We start by classifying all the possible topologies realizing the dimension 4 operatorLφ c ν R that can give a dominant Dirac neutrino mass at two-loop level. We then generate all possible diagrams and arrange them in three differentiated classes according to their symmetry and field restrictions. In section III we explain how to generate models within each class of diagrams and we then illustrate how the idea can be implemented, discussing in detail two examples in section IV. Finally, in section V we show explicitly the connection between the symmetry that ensures the Dirac nature of neutrinos and the stability of dark matter, closing with a short discussion in the last section. The complete set of tables used to generate models and technical details about the two-loop integrals can be found in the appendices A and B, respectively.
II. CLASSIFICATION: FROM TOPOLOGIES TO MODELS
We start our discussion by first introducing certain key concepts and setting up the notation in generic terms. Our aim is to consider all possible decompositions of the dimension four operatorLφ c ν R at two-loop level for Dirac neutrino masses. One of the first key requirements is that the Dirac nature of neutrinos should be protected by some symmetry. This symmetry should remain exact and be such that it forbids the Majorana masses at all loop orders. Such feature can be easily achieved by the global lepton number U (1) L symmetry already present in the Standard Model or one of its appropriate unbroken subgroups [69] . However, in general grounds this symmetry protection can in principle have different origins and need not be related with lepton number. Given an appropriate symmetry protecting the Dirac nature of neutrinos, the next issue is regarding the leading contribution to neutrino masses. Since in this work we are interested in two-loop UV completions of the operatorLφ c ν R , the tree-level and one-loop contributions should be absent. This can also happen naturally in many models involving an additional Z 2 symmetry [31] , a flavour symmetry [32, 34] or chiral U (1) L charges for ν R [27-29, 52, 58] . In fact, it has been recently shown that an appropriate residual subgroup of the lepton number (or equivalently B − L symmetry) alone is enough to guarantee the Dirac nature of neutrinos to all loops and ensure that the leading contribution to neutrino mass only arises at higher loops [52] . Since all the requirements to have Dirac neutrino masses with a leading contribution at two-loops can always be meet, henceforth we will take a different approach and not bother about the details of the symmetries required for an specific model. Instead, we will rather focus on the classification of all such possible models in general.
In this section we begin by looking at how one can systematically organize and analyse all the two-loop realizations ofLφ c ν R . Before starting with the classification, let us first define a few important concepts which we will use henceforth:
• Topology: We define topologies as the Feynman diagrams where no Lorentz nature of the involved fields is considered.
• Diagram: We call diagrams to those topologies where the fermion and scalar lines are specified.
• Model-Diagram: When the quantum numbers of the internal fields of a diagram are explicitly given, we name them model-diagrams.
Another key concept is the genuinity of a topology or diagram. We identify as genuine those model-diagrams (and consequently the topologies or diagrams which generate them) for which the main contribution to the neutrino masses arises at two-loops. On the contrary to the Majorana case [20, 21, 25] , for Dirac neutrinos one always needs a symmetry argument to forbid the Yukawa couplingLφ c ν R at tree-level, as discussed before. For this reason, every finite 1 Particle Irreducible (1PI) topology 1 is genuine in our sense providing the correct symmetry and transformations of the fields in order to avoid lower order contributions. Although in principle the choice of the symmetries used to forbid tree-level masses and ensuring the Dirac nature of neutrinos is model-dependent, some general conclusions can be given in order to establish a useful classification for model builders.
It is important to clarify that if one imposes a symmetry that forbids the tree-level Dirac mass term, all the realizations of the operatorLφ c ν R (φ † φ) n with n ∈ N will automatically vanish. For this reason, one must break such a symmetry, either softly or spontaneously, in order to allow radiative or higher-dimensional Dirac neutrino mass models such that the tree-level term is still absent [27, 31, 52] .
A. Topologies
We generate all possible connected topologies with two-loops, 3-and 4-point vertices and three external lines. This gives a total number of 70 topologies. From these 70 topologies we remove all the topologies corresponding to tadpoles and self-energy diagrams as they always imply infinite parts in the loop integral. Furthermore, since at the topology level we have not specified the Lorentz nature of the lines, there are also non-renormalizable diagrams, for instance, 3-point vertices with only fermions or 4-point vertices with a fermion insertion. After removing all these topologies a small set of 5 1PI topologies remains, shown in Fig. 1 .
These 5 1PI topologies can be divided into two differentiated sets of topologies. Topologies T 3, T 4 and T 5 contain an internal loop that can be compressed to a 3-point vertex, whereas the two remaining topologies T 1 and T 2 do not. One can argue that the latter are genuine, while the former are corrections to their corresponding one-loop topologies, as they contain a loop realization of a renormalizable vertex. Nevertheless, there are various ways to address this reducibility, leading to differentiated classes at the diagram level. As an example, one can construct all possible diagrams of topology T 3 and see whether there is a reducible (renormalizable) loop interaction. In Fig. 2 , we can see the procedure to follow. Given a topology one should introduce scalar and fermion lines such that there are two external fermions and one external scalar, as required for the diagram to generate effectivelyLφ c ν R . Then, one should check if any diagram contains a loop realization of a renormalizable vertex (marked in red in Fig. 2 ). If so, a priori, the diagram is not genuine. If all of the diagrams generated from a certain topology are not genuine, then that topology too is not genuine [20, 21, 25] . This is the standard way to address genuinity. In general, one can classify topologies as genuine checking reducibility on any loop at the diagram level. Nevertheless, loopholes to this procedure can be found and we will exploit them in the subsequent sections.
We now move to the construction and classification of genuine diagrams. From the set of 5 topologies, a total of 18 diagrams can be built with two external fermionic lines, one external scalar and containing only renormalizable vertices, depicted in Figs. 3, 4 and 6. One immediately finds three classes among the 18 diagrams by looking at the compressibility of one-loop vertices in the diagram, as well as the Lorentz nature of these vertices.
Note that all these conclusions so far are derived taking into account only fermions and scalars, but they can be directly generalized to include vectors. No new topology or diagram appear if vectors are considered. To extend our classification to vectors one just has to replace one or more scalars with vectors, provided that the resulting diagram is still 
B. Completely genuine diagrams
The topologies T 1 and T 2 do not contain compressible renormalizable sub-parts. All the diagrams generated from these topologies will be genuine in our sense. The complete list of diagrams for these two topologies is given in Fig. 3 . Note that the concept of genuinity stated above implies that these diagrams will generate at least one model at leading two-loop order. Of course, if the symmetries and particle content are not well chosen, one can find specific sets of fields for these diagrams that generate a lower order contribution.
As said before, diagrams generated from the rest of topologies (T 3, T 4, T 5), will not be straightforwardly genuine, due to the presence of a compressible 3-point vertex. Nevertheless, genuinity can be addressed in various ways and general conclusions can be drawn, as we will discuss in the next sections.
C. Diagrams with a compressible fermion-fermion-scalar vertex Naively, we could be tempted to think that, in general, the diagrams of this class are a set of corrections to the corresponding one-loop diagrams obtained by shrinking the fermionfermion-scalar loop vertex. It is trivial to see that if a renormalizable loop vertex is allowed by the symmetries, so should be the vertex without the loop. This means that a priori this diagrams will not be genuine in general, as they always generate a one-loop diagram. However, there are ways to avoid this issue. One can try to forbid the tree-level vertex which generates the lower order one-loop diagram by adding an extra symmetry to the Standard Model. Then this symmetry can be softly broken to allow the loop vertex leading to a two-loop genuine diagram.
Given the correct extra symmetry and transformation of the fields, one can use the same symmetry which forbids the Dirac tree-level mass term to forbid the tree-level vertex and then break it softly to allow the loop vertex. Since in this case the forbidden fermionfermion-scalar coupling is a hard vertex, the tree-level realization is still absent after the soft breaking, while the model remains completely renormalizable. In this sense, the soft breaking term should be contained in a soft coupling or mass participating in the fermionfermion-scalar loop vertex. This procedure thus forbids the lower order loop diagram but allows the two-loop diagram making use of the same symmetry that protects Diracness. The diagrams in this class are given in the Fig. 4 .
It is worth mentioning that there is at least another way to avoid the compressibility of a fermion-fermion-scalar loop vertices. Instead of using a softly broken symmetry, one can force the fermion-fermion-scalar loop vertex to contain a derivative choosing the correct chirality of the fermions. This would make the effective tree-level coupling non-renormalizable (dimension 5 or beyond) [25] .
D. Diagrams with a compressible scalar-scalar-scalar vertex Analogous to the class of diagrams discussed in Sec. II C, the diagrams with compressible three scalar vertex are also, in general, corrections to a one-loop neutrino mass diagrams. Nevertheless, in this case the procedure with softly broken symmetries (or derivatives) does not work. The problem arises due to the fact that a three scalar vertex is a soft term, so the tree-level vertex needs to be included in order to have a consistent renormalizable model. This makes the procedure useless as the one-loop diagram cannot be absent.
The solution was first pointed out in [25] where the authors introduce a scalar S transforming as ( 
The idea is that the antisymmetric SU (2) L contractions makes the vertex φφS exactly zero at tree-level, while the one-loop (non-local) realization of the same operator is in general non zero, see Fig. 5 . This can only be applied to scalar-scalar-scalar vertices with just one copy of the Higgs and the new singlet S.
In Fig. 6 we give all the diagrams which fall into this class. All the genuine models generated from these diagrams should contain just one Higgs and one scalar S ≡ (1, 1, −1). In order to fit the neutrino mass spectra, all such diagrams should also contain at least two of two doublets to a singlet is antisymmetric. On the contrary, the non-local operator φ(
does not vanish in general, but implies the difference of two diagrams [25] . copies of a new vector-like pair of fermions with exactly the same SU(3)
In general, the field content of the models generated from this class of diagrams is extremely constrained. Contrary to other two-loop diagrams, here there is only one free choice for the colour, SU (2) L representation or hypercharge of the particles running in the loops.
E. Diagrams in the mass basis
Finally, after spontaneous symmetry breaking the Higgs gets a vev generating the neutrino masses. Thus, the external scalar denoting the Higgs insertion is removed from the diagrams in the mass basis. The initial set of 18 genuine diagrams obtained in the electroweak basis is reduced to 6 diagrams. In Fig. 7 we show the list of 6 genuine mass diagrams. All the mass diagrams can be computed analytically. Following the results of [73] , one can easily decompose any two-loop integral in Fig. 7 in terms of just two master integral. A more detailed discussion is given in appendix B.
III. GENERATING MODELS
In this section we will discuss how to assign quantum numbers to the internal fields of the loops to obtain the model-diagrams. It should be noted that on top of the gauge group of the Standard Model, an extra symmetry is needed to forbid the tree-level Dirac mass term Lφ c ν R , as well as to protect the Dirac nature of neutrinos. This can always be achieved by just one symmetry, which can be a residual subgroup of the global B − L symmetry of the Standard Model [52] . For now, in this section, we will only consider the Standard Model quantum numbers. The issue of the extra symmetry and its charge assignment will be discussed in the next section. Due to the large number of diagrams, it is more convenient to assign the quantum numbers at the topology level, while fixing the external fields, i.e. L, φ and ν R . This leaves us with the seven diagrams given in Figs. 8 and 9. The separation into two distinct sets is done because the latter always requires the field S ≡ (1, 1, −1) in order to be genuine, which considerably constraints the possible fields running in the loop. See section II D for details. Since in all diagrams there are two-loops, there are two independent sets of quantum numbers (colour, SU (2) L representation and hypercharge), that need to be chosen in order to determine the rest of the fields. To fix the particle content, we start by assigning quantum numbers to X 1 and X 2 . Once the gauge charges of these two fields are chosen, all the hypercharges of all other fields are automatically fixed. For the SU (2) L and SU (3) C representations, though, no general straightforward relation can be found since a product of two fields contains several irreducible representations. In spite of this, once the representations of X 1 and X 2 are chosen, the freedom of the other fields get severely restricted. For simplicity we will work with colour singlets, because colour assignments can be trivially added taking into account that external fields are colour blind. We will explicitly omit this quantum number for the internal fields X i . As a side remark, note that every new fermion should have its corresponding vector-like partner to provide mass to them, as a fourth chiral family is excluded by Higgs production measurements and direct searches.
In Tab. I, we give all possible fields assignments for a general hypercharge and up to SU (2) L triplets for the diagram D Tab. I is divided in two panels: hypercharge and SU (2) L representation. Hypercharges can be given in general by solving the system of equations for each vertex in terms of two input values α 1 and α 2 , which are the hypercharges of X 1 and X 2 respectively, as shown in left panel of Tab. I. In the right panel, we show all the possible SU (2) L representations for the internal fields of D X 1 up to triplets for different values of the quantum numbers of X 1 and X 2 in the first row and column, respectively. In the cases when several representations are possible (for example, 2 ⊗ 2 = 1 ⊕ 3), the cell is subdivided to indicate that any of the two representations can be chosen.
Note that certain particular choices of the fields can generate lower order masses, i.e. tree or one-loop neutrino masses. In contrast to the Majorana case, here an additional model dependent symmetry is needed such that it forbids the lower order contributions. A judicious choice of the transformation of the fields under this symmetry and its appropriate breaking pattern is sufficient to ensure the genuineness of any 2-loop model generated from The diagrams that require the scalar field S ≡ (1, 1, −1) in order to be genuine, are shown in Fig. 9 . We show all possible fields, along with their SU (2) L × U (1) Y charges, that close the diagrams in section II D. Like before, we take all the fields to be colour singlets. As already explained, the main difference from the diagrams of the previous class (Fig. 8) , 
while the unknown fields X if solid lines, can be either scalars or fermions. We only consider colour singlets for simplicity. All the quantum numbers of the fields are determined once an input field X 1 ≡ (r, α) is given with r > 1 (for r = 1 only r + 1 holds). See text for details.
is the necessity of a Higgs and the scalar S running in the loop. In these diagrams, there is only one free set of quantum numbers, i.e. the quantum numbers of one of the fields running in the loop that generates the effective vertex φφS. As the external fields are fixed to be one SU (2) L singlet and two doublets, the quantum numbers of all the fields in the loop can be determined in general, once we pick the quantum numbers of any one of the remaining fields. For example, choosing the SU (2) L × U (1) Y charges of X 1 field in Fig. 9 as X 1 ≡ (r, α), r denoting the SU (2) L representation and α the hypercharge, automatically fixes the possible charges of the remaining fields. Note that unlike the previous class of models, here the coloured particles can only run in the small loop, see Fig. 9 (right) . All the internal fields in this loop need to have the same SU (3) C representation since all the external fields are colour sinlgets.
As stated earlier, the set of models following from the topologies of Fig. 9 are phenomenologically constrained. In all of them, one of the vector-like internal fermions must always have the SU(3) C ⊗ SU(2) L ⊗ U(1) Y quantum numbers similar to either the quantum numbers of L or e c , i.e. χ ≡ (1, 2, −1/2) and ψ ≡ (1, 1, 1) , respectively. Consequently, limits on their masses can be derived from collider searches [74, 75] and lepton flavour violating processes [76] , forcing their mass to be at least a few TeV. Nevertheless, these constraints do not run in conflict with neutrino masses, since even for O(1) values of the couplings and the internal fermion masses in TeV range, the neutrino masses can easily be O(0.1) eV scale [21] , as required by the current data.
IV. EXAMPLE MODELS
In this section we construct two example models to show in action the ideas discussed before. We have already presented the basic features and gauge charge requirements for the internal particles in the two-loop models. However, so far we have not explicitly discussed the role and nature of the symmetry or symmetries forbidding the tree-level coupling and/or protecting the Dirac nature of neutrinos. Since, as mentioned before, there are various options for such symmetries, a completely model independent approach is not possible. Let us now finally address the role of these symmetries by means of some example models.
There are many ways to arrange the additional symmetries of the model in such a way that all the necessary features are satisfied, namely neutrinos are Dirac particles and the leading contribution to its mass comes from the two-loop level. Another interesting feature which has been noticed before [31, 32, 52 , 58] and we will explicitly discuss is section V is the connection between Dirac nature of neutrinos and dark matter stability. If chosen correctly, the symmetry protecting the Diracness of neutrinos can also forbid the decay of the dark matter, ensuring its stability. Thus, the additional symmetry can play multiple roles. Furthermore, as has been discussed in [52] , this symmetry can also forbid the lower order mass terms. Additionally, it need not be a brand new symmetry and can just be a residual subgroup of the global U (1) B−L symmetry already present in the Standard Model. We will discuss the Diracness-dark matter stability connection in more details in section V.
The two examples we show in this section employ the discrete abelian cyclic Z 4 group as the symmetry protecting the Dirac nature of neutrinos. Although not necessary, this symmetry can be a residual subgroup of the U (1) B−L symmetry of the Standard Model [31, 32, 34, 59] or of some other U (1) X symmetry [55] . The choice of the Z 4 symmetry is done keeping in mind the Diracness connection to dark matter stability to be discussed in the next section. It is worth to notice that if this symmetry is taken as Z 2 then neutrinos will be Majorana fields [69] . Taking it to be Z 3 will necessarily lead either to decaying dark matter or to the existence of an accidental symmetry that stabilizes dark matter [52, 58] . Therefore Z 4 is the smallest group that achieves simultaneously the stability of the dark matter while protecting the Dirac nature of neutrinos.
For both models the lepton doublets L i and right handed neutrinos ν R,i transform as "Z 4 odd" particles i.e. z 1 = e iπ/2 = i under the Z 4 symmetry with z 4 = 1.
3 This automatically forbids all Majorana mass terms for the neutrinos at all dimensions and loop orders, and ensures they are Dirac particles. We also add a Z 2 symmetry whose role is to forbid the tree-level mass term for neutrinos. This symmetry will be softly broken to allow for the twoloop realization of the operatorLφ c ν R [31] . We would like to remark that this additional 3 We call Z 4 odd the fields that transform as odd powers, i.e. the fields transforming as z 1 ≡ i or as z 3 ≡ −i under the Z 4 symmetry. Similarly, Z 4 even are the fields transforming as even powers i.e. z 0 ≡ 1 or as
Z 2 symmetry is not always necessary to forbid the tree-level mass term [27, 28, 52, 58] , however we have added it in order to keep the discussion simple. Further note that, as shown in [52] , all these features can be obtained using only the B − L symmetry without the need of extra symmetries. Although this construction is appealing because of its economic symmetry inventory, it is conceptually a bit more involved than the simple one we choose here as an example.
A. A genuine two-loop Dirac neutrino mass model
From the diagrams given in section II B, we choose T1-i in Fig. 3 to illustrate how a simple genuine model can be built. As described before, in contrast to the diagrams of sections II C and II D, the main characteristic of the models generated from these diagrams is that, a priori, there is no restriction on the possible internal fields or the position of the soft symmetry breaking terms. One should only be careful about choosing the charges of the internal fermions in such a way that the leading contribution comes at the two-loop order. Following Tab. I for the simplest case when X 1 and X 2 are SU (2) L singlets, we construct the model of Fig. 10 , whose particle content and relevant quantum numbers are given in Tab. II. Two extra symmetries, apart from those of the Standard Model gauge group are added, a Z 4 and a Z 2 . The former ensures the Dirac nature of neutrinos and as we will discuss in section V, at the same time it also provides the stability of dark matter, while the latter is related to the smallness of neutrino masses, forbidding the tree-level mass operator Lφ c ν R . The Z 2 symmetry is softly broken in order to allow the loop realization of Fig. 10 .
Including all the soft-breaking terms to the Lagrangian means that we have to add the mass term S † 2 S 1 + h.c., depicted as a blue cross on the diagram. Table II The Z 4 charges are chosen to forbid the Majorana mass term for ν R . It also forbids the mixing of the internal fermions with the Standard Model fermions. This avoids undesirable terms that may mix new fermions with the charged leptons or the neutrinos. Moreover, Z 4 ensures the stability of the dark matter candidate, in our case the lightest of the "Z 4 odd" scalars and "Z 4 even" fermions i.e. lightest among (S 1 , S 2 , η 0 , N 2L ), as we will show in section V.
The new fermions in the loop are of two types. N 1 is a massive, SU (2) L singlet vectorlike fermion carrying hypercharge. Although its quantum numbers are the same as those of right handed charged leptons, the Z 4 symmetry forbids their mixing. Since it is electrically charged, it cannot be the dark matter candidate. Therefore, its mass has to be taken sufficiently high. The fermion N 2L is also a SU (2) L singlet fermion but carries no hypercharge. Owing to its quantum charges, one can write down a Majorana mass term for it and hence it's right handed partner is not needed to give it mass. Being a neutral Z 4 even fermion, it can be a good dark matter candidate.
The scalars running in the loop, η and S i , must have exactly zero vev in order to avoid breaking the Z 4 symmetry and therefore losing all the attractive features associated to it. Moreover, given their charges under Z 4 , the lightest can be a good dark matter candidate, except S 3 which decays to the Standard Model.
Moving on, the neutrino mass of the diagram in Fig. 10 is generated from the following terms of the Lagrangian,
with α = 1, 2, 3 and where the term µ 12 breaks softly the Z 2 symmetry. Other terms of the Lagrangian are not explicitly given, as they are not relevant for the neutrino mass generation. At this point, there is no need to fix the number of internal fermion copies. Nevertheless, given the fact that at least two neutrinos should have mass, the minimal choice in order to fit neutrino data would be i, j = 1, 2. Consequently, the effective Yukawa is given by
with M 1i and M 2i the mass eigenstates of the i-copy of the fermions N 1 and N 2 , respectively. The dimensionless loop integrals F ij are obtained directly in the mass insertion approximation assigning momenta to the internal fields as,
with the shorthand 4 . Both integrals can be written in terms of simple one-loop and two-loop integrals, for which analytical expressions can be found. The decomposition of the integrals (4) is done as an example of how to compute two-loop radiative masses in the Appendix B.
In order to fit the neutrino oscillation data [72] , we need at least two copies of N 1 and N 2 , so that Y ν is a rank-2 matrix, giving masses to two neutrinos. We have then three rank-2 matrices (Y 1 , Y 2 , Y 12 ) with enough freedom to fit the two neutrino mass squared differences, along with the three mixing angles and phases. However, here we will only consider the case with one massive neutrino, by assuming no hierarchy or flavour structure in the Yukawas and just one copy of the new fermions, i.e. Y 1 = Y 2 = Y 12 = Y . This is done in order to simplify our analysis and show the characteristic neutrino mass scale m ν in this type of models.
The behaviour of the neutrino mass is given in Fig. 11 in terms of the couplings of the model and the mass of N 2L field. Here, we consider that the masses of the rest of the 
B. Model exploiting the non-local realization of φφS
Now we move to a different class of diagrams, those depicted in Fig. 4 . Models generated from these diagrams need certain fields in order to be genuine. As explained in section II D, they contain a one-loop three scalar vertex with one external Higgs. Such loops are reducible unless the other scalars are another Higgs and the charged singlet S ≡ (1, 1, −1) , realizing the loop effective coupling φφS (see Fig. 5 ).
As a simple example of how these models work, we will take the diagram T3-xi in Fig. 4 and add to the Standard Model the particle content given in Tab. III. The role of the cyclic Z 4 and Z 2 symmetries is analogous to the previous model. Diracness and to stabilize the dark matter candidate: the lightest out of S 0 and the neutral component of η.
The Z 2 symmetry forbids the neutrino tree-level massLφ c ν R and it is softly broken to allow the two-loop realization of such operator.
Note that the new fermions have the same gauge charges as the right-handed charged leptons and, therefore, they mix. This mixing has to be controlled in order for the model to be phenomenologically viable. Looking to the relevant Lagrangian terms, (5) which can be written in matrix form as
Here, α, β = 1, 2, 3 and (i, j) the number of copies of N . Taking the Yukawa matrices of order 1, it is easy to see that if the elements of matrices X and M N are bigger than the Standard Model vev v, then the mixing in the left-handed sector will be sufficiently small to avoid collider constraints. This is indeed a natural choice, since the vector-like masses of the heavy charged partners must be at least around the TeV scale to avoid collider constraints.
In the neutrino sector, as explained before, the tree-level mass termLφ c ν R is forbidden by the Z 2 symmetry. Indeed, this symmetry will forbid all the loop realizations of such operators unless it is softly broken. Once we allow the soft breaking of Z 2 , we have to add only one extra term to the Lagrangian, S † 1 S 1 S † 0 . This term is essential and leads to the neutrino mass diagrams depicted in Fig. 12 . Figure 12 . Leading contributions to neutrino masses. The blue cross marks the soft breaking term of the Z 2 symmetry that allows the two-loop realization of the operatorLφ c ν R . Note that the small scalar loop cannot be reduced into a tree-level vertex.
One could be tempted to add also the tree-level coupling φφS 1 , which is allowed by the gauge symmetry and Z 4 and breaks Z 2 only softly. However, this term vanishes because the contraction φφ going to a singlet is completely antisymmetric. Therefore the leading contribution to neutrino mass will be the two-loop diagrams shown in Fig. 12 (see section II D for details).
As we will argue in section V, the lightest among the neutral component of η, S1 and S 0 will be stable and thus a good dark matter candidate. In this model all the dark matter candidates are scalars.
Regarding neutrino masses. The main feature of these class of models is that given the loop vertex with two identical Higgs φ, there are always two contributions simply interchanging both Higgs. Moreover, both contributions have a relative minus sign due to the antisymmetric nature of SU (2) L . Precisely, the minus sign comes from the coupling
. This can produce a cancellation between both diagrams, leading to a suppression of the neutrino mass scale as can be seen in Fig. 13 .
The corresponding terms of the Lagrangian that appear in the diagrams of Fig. 12 are
+ m
where the term µ S breaks softly the Z 2 symmetry. The rest of the scalar potential is omitted for simplicity. The effective Yukawa associated to the neutrino masses is given by
Here, M i are the mass eigenvalues of the vector-like fermions N , ∆m 2 0 is the mass difference between the neutral eigenstates coming from the mixing of (η 0 ,S 0 ) with mixing angle cos θ 0 ≡ c 0 and ∆m 2 + the same for the charged eigenstates of (η + ,S 1 ) with mixing angle sin θ + ≡ s + . F i are the dimensionless loop integrals of the form,
Both integrals can be written in terms of simple one-loop and two-loop integrals, for which analytical expressions can be found, see Appendix B.
In the same fashion as before, the neutrino mass scale is given in Fig. 13 in terms of the couplings of the model and the mass of S 0 , keeping other masses of order 1 TeV. Here, we consider no hierarchy in the Yukawas, obtaining a characteristic mass scale for neutrinos. The contributions for both integrals (9) are considered separately, plotted as dashed lines with labels m , leading to a lower neutrino mass compared to the previous example.
V. DIRAC NATURE OF NEUTRINOS AND DARK MATTER STABILITY
Before ending let us briefly discuss a very important and appealing feature of Dirac neutrino mass models, i.e. their possible connection with dark matter stability. It is clear that, as we discussed before in section II and more specifically in section IV, the Dirac nature of neutrinos implies the presence of a symmetry. It can be a new additional symmetry but it can also be the Standard Model B − L or a residual subgroup of it [27-29, 31, 52, 55] . Although it is natural to connect the lepton number conservation with the Dirac nature of neutrinos, the following arguments in this section are completely general and also cover symmetries not related with B − L or lepton number.
In order for the neutrinos to be Dirac in nature, neutrinos must transform non-trivially under the new symmetry. Assuming this scenario, after spontaneous symmetry breaking the Majorana mass terms should be forbidden whileν L ν R is allowed. It has been extensively studied in the literature that this same symmetry that protects the Dirac nature of neutrinos can, at the same time, be responsible of the stability of a dark matter candidate. Here, we want to explore this idea in more details starting from the simple models given in section IV. Then we will generalize the core idea and show that it can be used in much broader scenarios.
The two simple example models of section IV make use of two discrete symmetries, of which Z 4 plays the role of protecting the Diracness of neutrinos. Neutrinos transform as z = e iπ/2 = i, automatically forbidding all Majorana mass terms for neutrino fields, since they are not Z 4 invariant. This ensures that neutrinos are Dirac particles. Now to further see how in these models the dark matter stability can automatically come from the same Z 4 symmetry, let us first introduce the concept of dark sector. We define it as the set of particles which cannot decay into only Standard Model particles, irrespective of the masses of the particles involved. The lightest of the fields of the dark sector will then be automatically stable and thus a viable dark matter candidate 6 .
In both example models the dark sector consists of fermions which are even and scalars which are odd under the Z 4 symmetry 7 . Note that all the Standard Model fermions are odd under Z 4 , i.e. they transform as z 2n+1 , and all the vev carrying scalars are even, i.e.
they transform as z 2n with n integer and z 4 = 1. Lorentz invariance forces the fermions to appear in pairs and thus any Lorentz invariant combination of Standard Model fermions will transform as even powers of z. This implies that all the odd scalars of the models will automatically be part of the dark sector, since Z 4 is forbidding the decay of an odd scalar into a pair of fermions, as well as into even scalars. Similarly, any even fermion will also belong to the dark sector because it cannot decay to only the Standard Model.
In conclusion, the lightest of the odd scalars and the even fermions will be stable as long as the Z 4 symmetry is preserved. If one breaks the Z 4 symmetry of these models, then the Dirac nature of neutrinos and the stability of dark matter will be simultaneously lost. As a corollary, this implies that all vev-carrying scalars (including the Standard Model Higgs) always transform trivially under the conserved Z n group and therefore will be even.
This same argument can be applied not only for Z 4 but to any Z 2n or U (1) symmetry groups. Since Z 2 leads to Majorana neutrinos, the simplest group that simultaneously achieves Diracness plus stable dark matter with no accidental or explicit extra symmetries is Z 4 .
Using this idea as a guiding post we can flesh out an even simpler situation. If all the Standard Model particles transform as even powers of a Z 2n , then automatically all the odd particles will be part of the dark sector, irrespective of the Lorentz nature of the fields involved. The powerful yet simple idea behind this mechanism is that an odd particle cannot decay into a combination of even particles. If neutrinos transform as even powers, then both Z 2 and Z 4 would lead to Majorana neutrinos, in accordance with [69] . Therefore the simplest symmetry group that achieves Diracness and dark matter stability in this context would be Z 6 , with neutrinos transforming either as ω 2 or ω 4 , with ω 6 = 1, see [52] for further details.
We can see this behavior graphically in Fig. 14 . Note that we have only discussed general U (1) or Z 2n groups. When the conserved group is an odd Z n group, neutrinos will automatically be Dirac particles as discussed in [69] . However in this case, the stability of dark matter is not straightforward. For a Z n with n a prime number one can find a dark matter decay channel due to the fact that the operator ν R ν R , singlet under the Standard Model , will transform non-trivially under the discrete symmetry. Taking advantage of the oddness of the group order, (ν R ν R ) k can take any value depending on the value of k, see discussion in [52, 58] for more details.
As a simple example of this idea let us take the conserved group to be
With this choice of charges any scalar S will have an allowed effective decay operator of the form S(ν R ν R ) k and any fermion Ψ will have a decay channel of the formΨν R (ν R ν R ) k , with k = 0, 1 or 2. Thus, in a UV complete theory where a renormalizable UV completion of these operators is possible, these particles cannot be part of the dark sector. This is because, they will decay into neutrinos and/or to the scalars out of the dark sector.
Having said that, in such cases it is possible that the dark matter candidate is not absolutely stable, but it decays slowly enough so that its half life is much larger than age of the Universe. In such scenario, it can be a phenomenologically viable dark matter candidate. The other possibility is that the effective decay operators cannot be UV completed in the model due to its limited particle content. If this happens, then a new accidental symmetry will appear in such a model, protecting the dark matter against decaying. Explicit examples of such scenarios in the context of a Z 3 symmetry have been discussed in [58] .
Finally, let us also mention the possible exception to the arguments against unsuitability of odd Z n to, on their own, protect the dark matter stability. If the odd Z n group of interest is a non-prime Z n group, e.g. Z 9 , Z 15 , etc, with neutrinos transforming as multiples of the divisors of n, then we can have a completely stable dark matter candidate without an accidental symmetry. The simplest case of this type is Z 9 group with the Standard Model particles transforming as ω 3n ; ω 9 = 1. For such a scenario, any particle that does not transform as ω 3n will not decay to only Standard Model fields due to Z 9 . For example, an scalar transforming as ω will not be able to decay into any combination of Standard Model fermions, which will transform as ω 3n , since 1 + 3n = 0 modulo 9 for any n ∈ N. Further generalizations of this mechanism are also possible, but we will not go into details as the more complex generalizations will share the same key conceptual features discussed before.
We end this section by providing a summary of the above arguments:
• As we discussed in this section, the Dirac nature of neutrinos and dark matter stability can be intimately connected to each other with the same symmetry.
• For an Abelian symmetry, it is possible to have Dirac neutrinos and stable dark matter without accidental symmetries if the remnant abelian group is of order non-prime, with the only exception of Z 2 . The Z 2 group is too small to protect the Diracness of neutrinos.
• For the case of an Abelian discrete even Z 2n group, if all the Standard Model fields transform as even powers of the group, then any odd particle will be part of the dark sector and the lightest particle will be a good dark matter candidate.
• For the case of an Abelian discrete even Z 2n group, when all the Standard Model fermions transform as odd powers while all the non-dark sector scalars are even, then all even fermions and odd scalars of the model will be part of the dark sector with the lightest of them being dark matter. Lorentz symmetry plays a fundamental role in this case.
• For an Abelian discrete odd Z n group with n a prime number, it is not possible to have both Diracness of neutrinos and dark matter stability protected by only this symmetry. Nonetheless, in such cases the model can still have a phenomenologically viable decaying dark matter. Alternatively, as discussed before, the model might also have new accidental symmetries which can forbid the dark matter decay.
• These arguments can be easily generalized for other bigger groups and more involved scenarios.
As a conclusion, we can see that the symmetry which protects the Dirac nature of neutrinos can be related with dark matter stability in a plethora of different scenarios without the need to invoke any new explicit or accidental symmetries. Such models provide an attractive possibility to have both Dirac neutrinos and dark matter using the same symmetry. Thus, this provides a interesting framework while being minimalistic in its symmetry content.
VI. DISCUSSION AND SUMMARY
We have discussed the complete decomposition of the Dirac neutrino mass operatorLφ c ν R at two-loop order. We have identified all the 1PI topologies and diagrams with 3 external legs, two-loops and 3,4-point vertices which gives the dominant contribution to the neutrino mass. We call such diagrams as genuine. From an initial set of 70 topologies, only 5 satisfy this genuineness criteria (Fig. 1) , obtained after removing tadpoles, self-energy diagrams and non-renormalizable contributions. A set of 18 renormalizable diagrams are generated straightforward from the 5 genuine topologies. We classify them in three different classes depending on the requirements imposed to their possible particle content in order to generate a genuine two-loop model. The three diagrams generated from topologies T1 and T2 given in Fig. 3 are genuine in general. This means that there is no particular field or symmetry breaking requirement in order for these diagrams to be the dominant contribution to neutrino masses. Meanwhile, the other 15 diagrams contain a one-loop realization of a fermion-fermion-scalar vertex (Fig. 4) or a three scalar vertex (Fig. 6) . The former is genuine if one provides a symmetry transformation that forbids not only the tree-level but also the one-loop diagram and breaks it softly allowing the two-loop mass diagram. The latter always requires that the three scalars of the loop vertex are φ, φ and S ≡ (1, 1, −1) . The antisymmetric nature of SU (2) L contractions makes the local tree-level operator φ(x)φ(x)S(x) zero but not its loop realizations, consequently forbidding the reduction of this class of two-loop diagrams into their corresponding one-loop diagrams (see Fig. 5 for details).
We have found that every case of neutrino mass generation from the operatorLφ c ν R at two-loops can be written in terms of 6 mass diagrams or integrals (Fig. 7) . These integrals can be decomposed in terms of two master integrals for which analytical expressions already exist [21, 77] .
We have shown how one can generate models from our classification, listing all possible Standard Model quantum numbers with SU (2) L representations up to triplets. Although, for simplicity, we only discussed the cases with colour singlet fields, nevertheless as explained before, introducing non-trivial representations of SU (3) C is straightforward as the external fields are colour blind. To illustrate how our classification can be used to generate genuine models, we have constructed and discussed in detail two different Dirac neutrino mass models. Each of the models are built from two characteristic sets of diagrams explained in the previous section. One of the example models uses a completely genuine topology, so that the two-loop contribution is guaranteed to be the leading order contribution to neutrino masses. The second example model makes use of the non-locality of the operator φφS in order to be non-reducible. We have shown that these type of models are able to fit neutrino oscillation data for reasonable values of the masses and parameters. Such models are testable and a part of the parameter space is already excluded by collider searches. In this direction, a more involved analysis of the phenomenology of these models would be needed for detailed quantitative results.
Finally, we have treated the connection between the symmetry that protects the Dirac nature of neutrinos and the stability of dark matter. We have shown that for Dirac neutrino mass models, the symmetry protecting the Diracness of neutrinos can also simultaneously protect the dark matter from decay. We showed that this relation holds true in general for a wide class of symmetries. We also discussed the various possibilities and classes given a particular set of symmetries and the transformation of the Standard Model particles under it. The relationship between the Diracness of neutrinos and dark matter stability is an attractive possibility intimately connecting the neutrino and dark matter physics through the same symmetry. representation and hypercharge of the fields X 1 and X 2 , the quantum numbers of X 6 for each diagram in D In this section, we summarize the main tools needed in order to write every two-loop integral in terms of two master integrals. Two-loop integrals have been evaluated before in the literature and here we will follow [21, 73, 77] .
To illustrate how the decomposition of two-loop integrals into an analytic expression works, we take the loop functions (4) from the first example in section IV. Rewriting them into explicitly dimensionless integrals we get,
F
(1) = (k,q) 1 (k 2 − x 1 )(k 2 − x 2 )(q 2 − x 3 )(q 2 − x 4 )(q 2 − x 5 )((k + q) 2 − 1) (B1a)
with the following definitions, 
and
By the use of partial fraction, when various propagators have the same momenta, the integral can be write as a sum over integrals with less denominators,
Moreover, integrals with momenta in the numerator which coincides with that of one of the propagators can be reduced as,
Making use of only these two expressions one can write every two-loop integral in terms of the basis,
I(x, y, z) = (k,q) 1 (k 2 − x)(q 2 − y)((k + q) 2 − z) ,
for which analytical expression can be easily found in the literature, see for example [77, 78] .
Particularly, for the two-loop integrals given in (B1) and used for the numerical analysis of Fig. 11 , the decomposition in terms of the master integrals A and I is 
